
Õàðêiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Â.Í. Êàðàçiíà

Ôàêóëüòåò ìàòåìàòèêè i iíôîðìàòèêè

Êàôåäðà ïðèêëàäíî¨ ìàòåìàòèêè

Êâàëiôiêàöiéíà ðîáîòà

îñâiòíüî-êâàëiôiêàöiéíèé ðiâåíü: ìàãiñòð

íà òåìó ¾Ðîçâ'ÿçàííÿ íåëiíiéíèõ ñèñòåì â

çàäà÷àõ êåðóâàííÿ¿

Âèêîíàâ: ñòóäåíò ãðóïè ÌÏ62 VI êóðñó
(äðóãèé ìàãiñòåðñüêèé ðiâåíü),
ñïåöiàëüíîñòi 113
�Ïðèêëàäíà ìàòåìàòèêà�
îñâiòíüî-ïðîôåñiéíî¨ ïðîãðàìè
�Ïðèêëàäíà ìàòåìàòèêà�
Âîçíÿê Î.Ñ.

Êåðiâíèê: äîêòîð ôiç.-ìàò. íàóê,
çàâiäóâà÷ êàôåäðè
ïðèêëàäíî¨ ìàòåìàòèêè
Êîðîáîâ Â.I.

Ðåöåíçåíò: êàíäèäàò ôiç.-ìàò. íàóê,
äîöåíò êàôåäðè
ïðèêëàäíî¨ ìàòåìàòèêè
Ñìîðöîâà Ò.I.

Õàðêiâ � 2023 ðiê



Àíîòàöi¨

Âîçíÿê Î.Ñ. Ðîçâ'ÿçàííÿ íåëiíiéíèõ ñèñòåì â çàäà÷àõ êåðóâà-

ííÿ.

Ó ðîáîòi ðîçãëÿäà¹òüñÿ çàäà÷à íóëü-êåðîâàíîñòi ç ïðèïóùåííÿì, ùî

ïî÷àòîê êîîðäèíàò íå ¹ òî÷êîþ ðiâíîâàãè ñèñòåìè. Äëÿ öüîãî âèêî-

ðèñòîâó¹òüñÿ ïîíÿòòÿ óìîâè ïîâåðòàííÿ íà iíòåðâàëi [8] òà âiäïîâiä-

íèé êðèòåðié, îòðèìàíèé Â. I. Êîðîáîâèì. Öÿ óìîâà îçíà÷à¹, ùî äëÿ

äåÿêîãî iíòåðâàëó I äëÿ áóäü-ÿêîãî T ∈ I ìîæíà ïîáóäóâàòè òà-

êå êåðóâàííÿ uT (t), ùî òðà¹êòîðiÿ, ïî÷èíàþ÷è ç ïî÷àòêó êîîðäèíàò,

ìîæå ïîâåðíóòèñÿ òóäè çà ÷àñ T . Ðîçãëÿäà¹òüñÿ êîëèâàëüíà ñèñòåìà

ẋ2k−1 = k x2k, ẋ2k = −k x2k−1 + u, k = 1, 2, ..., n, ç îáìåæåííÿìè u ∈ [c, 1]

àáî u ∈ {c, 1}, c > 0. Öþ çàäà÷ó ìîæíà çàïèñàòè ÿê òðèãîíîìåòðè÷íó

ïðîáëåìó ìîìåíòiâ
∫ T

0

u(t)ekit dt = 0, k = 1, 2, ..., n, ÿêà ïðè êóñêîâî-

ïîñòiéíîìó êåðóâàííi ïåðåòâîðþ¹òüñÿ íà íåëiíiéíó ñèñòåìó ðiâíÿíü ç íå-

âiäîìèìè òî÷êàìè ïåðåìèêàííÿ. Ó öié ðîáîòi çàïðîïîíîâàíî äåêiëüêà

ðîçâ'ÿçêiâ äëÿ êîëèâàëüíèõ ñèñòåì ç ðàöiîíàëüíèìè êîåôiöi¹íòàìè i çðî-

áëåíî ïåâíi óçàãàëüíåííÿ.

Vozniak O.S. Solving nonlinear systems in control problems.

In this work the null-controllability problem with the assumption that

the origin is not an equilibrium point of the system is considered. Here we

use the concept of return condition on an interval [8] and the corresponding

criterion obtained by V. I. Korobov. This condition means that for some

interval I for any T ∈ I we can construct a control uT (t) such that the
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trajectory starting from the origin can return there in the time T . We consider

the oscillating system ẋ2k−1 = k x2k, ẋ2k = −k x2k−1 + u, k = 1, 2, ..., n, with

constraints u ∈ [c, 1] or u ∈ {c, 1}, c > 0. This problem can be written

as the trigonometric momentum problem

∫ T

0

u(t)ekit dt = 0, k = 1, 2, ..., n,

which in the case of piecewise control transforms into a nonlinear system

of equations with unknown switching points. In this work several solutions

are proposed for the oscillating systems with rational coefficients and certain

generalizations are made.
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Âñòóï

Ìàòåìàòè÷íà òåîðiÿ êåðóâàííÿ ç'ÿâèëàñü òà ïî÷àëà iíòåíñèâíî ðîçâè-

âàòèñÿ â ñåðåäèíi ÕÕ ñòîëiòòÿ. �¨ âèíèêíåííÿ ïîâ`ÿçàíå ç íåîáõiäíiñòþ

ðîçâ'ÿçóâàòè íîâi íà òîé ÷àñ çàäà÷i, íàñàìïåðåä çàäà÷i êåðóâàííÿ ìåõàíi-

÷íèìè îá'¹êòàìè, ðóõ ÿêèõ îïèñó¹òüñÿ äèôåðåíöiéíèìè ðiâíÿííÿìè. Ïðèí-

öèï ìàêñèìóìó Ïîíòðÿãiíà ñòàâ îñíîâîþ ìàòåìàòè÷íî¨ òåîði¨ êåðîâàíèõ

ïðîöåñiâ. Ïîäàëüøèé ðîçâ'ÿçîê òåîði¨ êåðóâàííÿ ïîâ'ÿçàíèé ç çàäà÷àìè ñòà-

áiëiçàöi¨, ïðîãðàìíîãî êåðóâàííÿ, òà iíøèìè.

Çàäà÷à êåðîâàíîñòi äëÿ ëiíiéíèõ ñèñòåì ðîçãëÿäà¹òüñÿ ìàòåìàòèêàìè ç

60-õ ðîêiâ ìèíóëîãî ñòîëiòòÿ i ç òîãî ÷àñó îòðèìàíî áàãàòî îñíîâíèõ ðå-

çóëüòàòiâ. Îäíàê äåÿêi ïèòàííÿ çàëèøàþòüñÿ âiäêðèòèìè, àáî ïîòðåáóþòü

äîäàòêîâî¨ ðîáîòè âðàõîâóþ÷è ¨õíié òåîðåòè÷íèé iíòåðåñ i âàæëèâå ïðè-

êëàäíå çíà÷åííÿ. Îäíi¹þ iç òàêèõ çàäà÷ ¹ êåðîâàíiñòü ëiíiéíî¨ ñèñòåìè ç

îáìåæåíèì êåðóâàííÿì. Áiëüø êîíêðåòíî, ðîçãëÿäà¹òüñÿ ëiíiéíà êåðîâàíà

ñèñòåìà âèäó

ẋ = Ax+ ϕ(u), x ∈ Rn, u ∈ Ω ⊂ Rr. (0.1)

äå A � äiéñíà ìàòðèöÿ, à ϕ(u) � äiéñíà íåïåðåðâíà âåêòîð-ôóíêöiÿ.

Çàäà÷à êåðîâàíîñòi òàêèõ ñèñòåì ðîçãëÿäàëàñÿ ïåðåâàæíî äëÿ âèïàä-

êó êåðóâàííÿ â òî÷êó ðiâíîâàãè [1], [5], [4], [3]. Çîêðåìà â ñòàòòi [3] Â. I.

Êîðîáîâèì áóâ äîâåäåíèé ãåîìåòðè÷íèé êðèòåðié íóëü-êåðîâàíîñòi, óìîâè

ÿêîãî ìîæíà ëåãêî ïåðåâiðèòè ç òî÷êè çîðó ïàðàìåòðiâ ñèñòåìè (0.1) (òîáòî

ìàòðèöi A òà ìíîæèíè ϕ(Ω)). Ó òîé æå ÷àñ ó çàãàëüíié ïîñòàíîâöi çàäà-

÷i ïðèðîäíî ðîçãëÿäàòè ïðîáëåìó êåðîâàíîñòi äî êiíöåâî¨ òî÷êè, ÿêà íå ¹

ðiâíîâàæíîþ äëÿ ñèñòåìè (0.1). Äëÿ öüîãî âèïàäêó òàêîæ îòðèìàíî öiêàâi
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ðåçóëüòàòè [4], [6], [8], íàïðèêëàä â ñòàòòi [6] áóëî ïîêàçàíî, ùî äëÿ êåðîâà-

íîñòi íå â òî÷êó ñïîêîþ íåîáõiäíî i äîñòàòíüî ùîá ïðèâåäåíà ñèñòåìà áóëà

ïîâíiñòþ êåðîâàíîþ òà iñíóâàëî âíóòðiøí¹ çâîðîòíå êåðóâàííÿ. Iíøèé êðè-

òåðié, ðàçîì iç íîâèì ââåäåíèì ïîíÿòòÿì óìîâè ïîâåðòàííÿ íà iíòåðâàëi,

áóëî îòðèìàíî Â. I. Êîðîáîâèì â ñòàòòi [8], à òàêîæ çðîáëåíî âèñíîâêè ùîäî

íóëü-êåðîâàíîñòi ïåâíèõ êëàñiâ ñèñòåì. Â íàøié ðîáîòi çà äîïîìîãîþ äàíî-

ãî êðèòåðiþ äîñëiäæó¹òüñÿ êåðîâàíiñòü çàãàëüíèõ êîëèâàëüíèõ ñèñòåì, ÿêi

ìàþòü âåëèêå ïðèêëàäíå çíà÷åííÿ i, çîêðåìà, âèêîðèñòîâóþòüñÿ ïðè îïè-

ñàííi ðóõó çâ'ÿçàíèõ òà íåçâ'ÿçàíèõ ìàÿòíèêiâ òà ìîäåëþþòü êîëèâàííÿ

ñòðóíè.

Â ïåðøîìó ðîçäiëi äàíî¨ ðîáîòè ðîçãëÿäà¹òüñÿ çàãàëüíà òåîðiÿ íóëü-

êåðîâàíîñòi ëiíiéíèõ àâòîíîìíèõ ñèñòåì äëÿ âèïàäêiâ êîëè ïî÷àòîê êî-

îðäèíàò ¹ i íå ¹ òî÷êîþ ðiâíîâàãè, â äðóãîìó ðîçäiëi îïèñóþòüñÿ îñíîâíi

ðåçóëüòàòè ðîáîòè i â òðåòüîìó íàâåäåíî ïðèêëàäè ïðîãðàì i ðîçðàõóíêiâ.



Ðîçäië 1

Ãåîìåòðè÷íèé êðèòåðié

íóëü-êåðîâàíîñòi

1.1. Íóëü-êåðîâàíiñòü ëiíiéíèõ àâòîíîìíèõ

ñèñòåì

Ðîçãëÿíåìî ëiíiéíó àâòîíîìíó êåðîâàíó ñèñòåìó

ẋ = Ax+ ϕ(u(t)), x ∈ Rn, u ∈ Ω ⊂ Rr, (1.1)

äå Ω � ìíîæèíà äîïóñòèìèõ êåðóâàíü.

Îçíà÷åííÿ 1.1. [3] Ìíîæèíîþ S íóëü-êåðîâàíîñòi ñèñòåìè (1.1) íà-

çèâà¹òüñÿ ìíîæèíà òî÷îê x0 ∈ Rn, ç ÿêèõ ìîæíà ïîòðàïèòè â òî÷êó 0 çà

ñêií÷åííèé ÷àñ ïî òðà¹êòîði¨ öi¹¨ ñèñòåìè ïðè äåÿêîìó êåðóâàííi u ∈ Ω.

Îçíà÷åííÿ 1.2. Ñèñòåìà (1.1) íàçèâà¹òüñÿ ëîêàëüíî íóëü-êåðîâàíîþ,

ÿêùî S ìiñòèòü 0 â ÿêîñòi âíóòðiøíüî¨ òî÷êè i ãëîáàëüíî íóëü-êåðîâàíîþ

ÿêùî S = Rn.

Â ñòàòòi [3] îòðèìàíî íàñòóïíèé êðèòåðié íóëü-êåðîâàíîñòi äëÿ ëiíié-

íèõ àâòîíîìíèõ ñèñòåì, iç äîäàòêîâîþ óìîâîþ, ùî iñíó¹ u0 ∈ Ω òàêå, ùî

ϕ(u0) = 0, òîáòî òî÷êà 0 ¹ òî÷êîþ ñïîêîþ.

Òåîðåìà 1.3. [3] Äëÿ òîãî ùîá ëiíiéíà àâòîíîìíà ñèñòåìà (1.1) áóëà

ëîêàëüíî íóëü-êåðîâàíîþ, íåîáõiäíî i äîñòàòíüî, ùîá ïðè äåÿêîìó m ≥ 0

îïóêëà îáîëîíêà coL, ìíîæèíè L = {ϕ(Ω), Aϕ(Ω), . . . , Amϕ(Ω)}, i îïóêëà
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îáîëîíêà coL− ìíîæèíè L− = {ϕ(Ω),−Aϕ(Ω), . . . , (−1)mAmϕ(Ω)}, ìàëè

íóëü ó ÿêîñòi âíóòðiøíüî¨ òî÷êè.

Çà äîïîìîãîþ öüîãî êðèòåðiþ ïîêàæåìî, ùî ñèñòåìàẋ1 = x2,

ẋ2 = u,

(1.2)

íå ¹ íóëü-êåðîâàíîþ ïðè 0 ≤ u ≤ 1.

Ïðèêëàä 1.4. ẋ1 = x2,

ẋ2 = u,

Ω = {u : 0 ≤ u ≤ 1}, (1.3)

A =

0 1

0 0

 , ϕ(u) = Bu =

0

1

 , ϕ(0) = 0. (1.4)

Çíàéäåìî ìíîæèíè L i L−:

Bu =

0

u

 , ABu =

u

0

 , A2Bu =

0

u

 , A3Bu =

u

0

 , . . . (1.5)

L = (Bu,ABu) =

0 u

u 0

 , (1.6)

L− = (Bu,−ABu) =

0 −u

u 0

 . (1.7)

Çîáðàçèìî L (ðèñ. 1.1) i L− (ðèñ. 1.2) ãðàôi÷íî, i ïîêàæåìî, ùî

0 /∈ int(coL) i 0 /∈ int(coL−).
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Ðèñ. 1.1: Ìíîæèíà L Ðèñ. 1.2: Ìíîæèíà L−

Çàóâàæèìî, ùî ïðè îáìåæåííi íà êåðóâàííÿ −1 ≤ u ≤ 1 äàíà ñèñòåìà

áóëà á íóëü-êåðîâàíîþ. Ïîêàæåìî òåïåð, ùî êîëèâàëüíà ñèñòåìàẋ1 = x2,

ẋ2 = −x1 + u,

(1.8)

áóäå íóëü-êåðîâàíîþ ïðè 0 ≤ u ≤ 1.

Ïðèêëàä 1.5. ẋ1 = x2,

ẋ2 = −x1 + u,

Ω = {u : 0 ≤ u ≤ 1}, (1.9)

A =

 0 1

−1 0

 , ϕ(u) = Bu =

0

1

 , ϕ(0) = 0. (1.10)

Bu =

0

u

 , ABu =

u

0

 , A2Bu =

 0

−u

 , A3Bu =

−u
0

 . (1.11)
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Òîäi ïðè m = 3,

L =
{
Bu,ABu,A2Bu,A3Bu

}
=


0

u

 ,

u

0

 ,

 0

−u

 ,

−u
0

 (1.12)

L− =
{
Bu,−ABu,A2Bu,−A3Bu

}
=


0

u

 ,

−u
0

 ,

 0

−u

 ,

u

0


(1.13)

Ðèñ. 1.3: Ìíîæèíè L òà L−

1.2. Ãåîìåòðè÷íèé êðèòåðié íóëü-êåðîâàíîñòi

äëÿ òî÷êè, ùî íå ¹ òî÷êîþ ðiâíîâàãè

Â ïîïåðåäíié òåîðåìi âàæëèâèì áóëî ïðèïóùåííÿ ïðî òå, ùî òî÷êà íóëü

¹ òî÷êîþ ðiâíîâàãè ñèñòåìè, òîáòî iñíó¹ u0 ∈ Ω òàêå, ùî ϕ(u0) = 0. Ïðî-

áëåìó íóëü-êåðîâàíîñòi ñèñòåìè ç îáìåæåííÿìè íà êåðóâàííÿ äëÿ âèïàäêó

êîëè íóëü íå ¹ òî÷êîþ ðiâíîâàãè ðîçãëÿíóòî â ñòàòòi [8]. Òîäi ïiä íóëü-

êåðîâàíiñòþ ìè ìà¹ìî íà óâàçi iñíóâàííÿ ìîìåíòó ÷àñó T ∗, òàêîãî ùî äëÿ

êîæíîãî ìîìåíòó ÷àñó T > T ∗ ìîæíà îáðàòè êåðóâàííÿ, ùî ïåðåâîäèòü
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òî÷êó â ïî÷àòîê êîîðäèíàò çà ÷àñ T . Äëÿ öüîãî áóëî ââåäåíî íîâå ïîíÿòòÿ

óìîâè ïîâåðòàííÿ íà iíòåðâàëi.

Ðîçãëÿíåìî ñèñòåìó

ẋ = Ax+ ϕ(u),

x ∈ Rn, u ∈ Ω ⊂ Rr.
(1.14)

Îçíà÷åííÿ 1.6. [8] Áóäåìî ãîâîðèòè, ùî äëÿ ñèñòåìè (1.14) âèêîíó¹-

òüñÿ óìîâà ïîâåðòàííÿ íà iíòåðâàëi I = [T ∗, T ∗ + α] , (α > 0, T ∗ ≥ 0), ÿêùî,

äëÿ áóäü-ÿêîãî T ∈ I, iñíó¹ äîïóñòèìå êåðóâàííÿ uT (t), òàêå, ùî ðîçâ'ÿçîê

çàäà÷i Êîøi ẋ = Ax+ ϕ(uT (t)), x(0) = 0, çàäîâîëüíÿ¹ óìîâi x(T ) = 0.

Òîäi âiðíîþ ¹ íàñòóïíà òåîðåìà:

Òåîðåìà 1.7. [8] Äëÿ òîãî ùîá ëiíiéíà àâòîíîìíà ñèñòåìà (1.14) áóëà

ëîêàëüíî íóëü-êåðîâàíîþ, íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëèñü òàêi

óìîâè:

1. íà äåÿêîìó iíòåðâàëi I = [T ∗, T ∗ + α] âèêîíóâàëàñü óìîâà ïîâåðíåííÿ,

2. äëÿ äåÿêîãî m ≥ 0 âèêîíóþòüñÿ âêëþ÷åííÿ:

0 ∈ int co{ϕ(Ω), Aϕ(Ω) , . . . , Amϕ(Ω)},

0 ∈ int co{ϕ(Ω),−Aϕ(Ω) , . . . , (−1)mAmϕ(Ω)}.

Òîáòî óìîâà ïîâåðòàííÿ óçàãàëüíþ¹ óìîâó ðiâíîâàãè, ÿêà ¹ ¨¨ ÷àñòèííèì

âèïàäêîì. Çàçâè÷àé ïåðåâiðêà óìîâè ïîâåðòàííÿ ¹ íàéñêëàäíiøîþ çàäà÷åþ

ïðî äîâåäåííi íóëü-êåðîâàíîñòi. Ðîçãëÿíåìî ëiíiéíó êåðîâàíó ñèñòåìó

ẋ = Ax+ bu, x ∈ Rn, u ∈ Ω, (1.15)

ßê âiäîìî, ÿêùî êåðóâàííÿ u(t) ïåðåâîäèòü òî÷êó x0 â òî÷êó x1 çà ÷àñ T

òî ìà¹ âèêîíóâàòèñü íàñòóïíà ðiâíiñòü:

x1 = eAt

(
x0 +

∫ T

0

e−Aτϕ(u(τ))dτ

)
. (1.16)
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Ïiäñòàâëÿþ÷è x0 = x1 = 0 îòðèìó¹ìî óìîâó (1.17)

0 =

∫ T

0

e−Atbu(t)dt. (1.17)

Òàêèì ÷èíîì, óìîâà ïîâåðòàííÿ äëÿ ëiíiéíî¨ ñèñòåìè ¹ åêâiâàëåíòíîþ çà-

äà÷i (1.17), â ÿêié íåîáõiäíî çíàéòè iíòåðâàë I = [T ∗, T ∗ + α] ùîá äëÿ

êîæíîãî T ∈ I iñíóâàâ ðîçâ'ÿçîê uT (t).

ßê ïðèêëàä â ñòàòòi [8] áóëî ðîçãëÿíóòî òàêó ñèñòåìó:

Ïðèêëàä 1.8.ẋ1 = x2,

ẋ2 = −x1 + u,

Ω = {1, c}, 0 < c < 1. (1.18)

Ïîêàæåìî, ùî óìîâà ïîâåðòàííÿ âèêîíó¹òüñÿ íà âiäðiçêó [2π − 2γ, 2π], äå

γ = arcctg((1− c)/
√

c(2− c)). Â öüîìó âèïàäêó óìîâà (1.17) ìà¹ âèãëÿä
∫ T

0

uT (τ) sin τdτ = 0,∫ T

0

uT (τ) cos τdτ = 0.

(1.19)

Ââåäåìî T1, T2, òàêi, ùî 0 < T1 < π < T2 ≤ T < 2π i áóäåìî øóêàòè

êóñêîâî-ïîñòiéíå êåðóâàííÿ

uT (t) =


1, 0 ≤ t ≤ T1,

c, T1 < t < T2,

1, T2 ≤ t ≤ T.

(1.20)
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Óìîâà (1.19) äà¹−(1− c)(cosT1 − cosT2)− cosT + 1 = 0,

(1− c)(sinT1 − sinT2) + sinT = 0.

(1.21)

Òîäi, 
−(1− c) sin

T1 − T2

2
sin

T1 + T2

2
= sin2

T

2
,

(1− c) sin
T1 − T2

2
cos

T1 + T2

2
= − sin

T

2
cos

T

2
.

(1.22)

Çâiäêè

tan
T1 + T2

2
= tan

T

2
. (1.23)

Îñêiëüêè 0 < T1 < π < T2 ≤ T < 2π, òî ç (1.23): T = T1 + T2. Òîäi ç (1.22)

ìè îòðèìó¹ìî

− (1− c) sin
T1 − T2

2
= sin

T1 + T2

2
. (1.24)

Òîäi

(−2 + c) tan
T1

2
= c tan

T2

2
, (1.25)

çâiäêè

T2 = 2π − 2 arctan

(
2− c

c
tan

T1

2

)
. (1.26)

Äëÿ T = 2π ìè çàäà¹ìî T1 = 0, T2 = 2π, òîäi (1.19) âèêîíó¹òüñÿ. Ðîçãëÿíå-

ìî òåïåð ôóíêöiþ

T = T (T1) = T1 + 2π − 2 arctan

(
2− c

c
tan

T1

2

)
, T1 ∈ [0, π). (1.27)

Äèôåðåíöiþþ÷è ïî T1 îòðèìó¹ìî

dT

dT1
=

2c− 2

c

1− 2−c
c tan2 T1

2

1 +
(
2−c
c

)2
tan2 T1

2

< 0, ïðè 0 < tan
T1

2
<

√
c

2− c
. (1.28)

Òîäi íåïåðåðâíà ôóíêöiÿ (1.27) ñïàäà¹ íà âiäðiçêó

[
0, 2 arctan

√
c

2− c

]
âiä
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2π− 2γ i òîäi äëÿ áóäü-ÿêîãî T ∈ [2π− 2γ, 2π] iñíó¹ êåðóâàííÿ âèäó (1.20)

ùî ïîâåðòà¹ ïî÷àòîê êîîðäèíàò çà ÷àñ T .



Ðîçäië 2

Ïîáóäîâà êóñêîâî-íåïåðåðâíîãî

êåðóâàííÿ

2.1. Ïîñòàíîâêà çàäà÷i

Â îñòàííüîìó ïðèêëàäi áóäî ïîêàçàíî, ùî äëÿ ñèñòåìèẋ1 = x2,

ẋ2 = −x1 + u,

Ω = {1, c}, 0 < c < 1. (2.1)

âèêîíó¹òüñÿ óìîâà ïîâåðòàííÿ äëÿ äîâiëüíîãî 0 < c < 1, êðiì òîãî êåðóâàí-

íÿ ìîæíà çàïèñàòè ó ÿâíîìó âèãëÿäi. Â öié ðîáîòi ìè âèðiøèëè ðîçãëÿíóòè

óìîâó ïîâåðòàííÿ äëÿ áiëüø çàãàëüíî¨ êîëèâàëüíî¨ ñèñòåìè:

ẋ1 = x2,

ẋ2 = −x1 + u,

ẋ3 = 2x4,

ẋ4 = −2x3 + u,

. . .

ẋ2n−1 = nx2n,

ẋ2n = −nx2n−1 + u,

, (2.2)

ç îáìåæåííÿìè íà êåðóâàííÿ âèäó u ∈ [c, 1] àáî u ∈ {c, 1}, c > 0. Öÿ

ñèñòåìà ¹ ñèñòåìîþ íåçâ'ÿçíèõ ìàÿòíèêiâ, êðiì òîãî âîíà òàêîæ ¹ ñèñòåìîþ,

ùî ìîäåëþ¹ êîëèâàííÿ ñòðóíè. Ïîäiáíi ñèñòåìè âèíèêàþòü i äëÿ çâ'ÿçíèõ

15
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ìàÿòíèêiâ. Iíòåðåñ òàêî¨ ïîñòàíîâêè ïîëÿãà¹ â òîìó, ùî ìè íàìàãà¹ìîñü

ñòàáiëiçóâàòè ñèñòåìó ïðèêëàäàþ÷è êåðóâàííÿ îäíîãî çíàêó, òîáòî äiþ÷è

ñèëîþ â îäíó i òó ñàìó ñòîðîíó, ëèøå ç ðiçíîþ âåëè÷èíîþ.

Ìàòðèöi A i b ìàþòü íàñòóïíèé âèãëÿä:

A =



0 1 0 0 . . . 0 0

−1 0 0 0 . . . 0 0

0 0 0 2 . . . 0 0

0 0 −2 0 . . . 0 0
... ... ... ... . . . ... ...

0 0 0 0 . . . 0 n

0 0 0 0 . . . −n 0


, b =



0

1

0

1
...

0

1


. (2.3)

eAt =



cos t sin t 0 0 . . . 0 0

− sin t cos t 0 0 . . . 0 0

0 0 cos 2t sin 2t . . . 0 0

0 0 − sin 2t cos 2t . . . 0 0
... ... ... ... . . . ... ...

0 0 0 0 . . . cosn t sinn t

0 0 0 0 . . . − sinn t cosn t


(2.4)

Óìîâà (1.17) çàïèøåòüñÿ ó âèãëÿäi:

∫ T

0

u(t) sin tdt = 0,∫ T

0

u(t) cos tdt = 0,

. . . ,∫ T

0

u(t) sinn tdt = 0,∫ T

0

u(t) cosn tdt = 0,

. (2.5)
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Òàêèì ÷èíîì ìè îòðèìó¹ìî òðèãîíîìåòðè÷íó ïðîáëåìó ìîìåíòiâ,

ðîçâ'ÿçîê ÿêî¨ uT (t) ìà¹ iñíóâàòè äëÿ êîæíîãî T íà äåÿêîìó âiäðiçêó

I = [T ∗, T ∗ + α]. Öÿ ñèñòåìà ìîæå òàêîæ áóòè çàïèñàíà â åêñïîíåíöiàëü-

íié ôîðìi: 

∫ T

0

u(t)ei tdt = 0,∫ T

0

u(t)e2 i tdt = 0,

. . . ,∫ T

0

u(t)en i tdt = 0.

(2.6)

Ìè øóêàòèìåìî ðîçâ'ÿçîê äàíî¨ ñèñòåìè ñåðåä êóñêîâî ïîñòiéíèõ ôóíêöié:

u(t) =



c, 0 ≤ t ≤ T1,

1, T1 ≤ t ≤ T2,

c, T2 ≤ t ≤ T3,

. . .

1, Tk−1 ≤ t ≤ Tk,

c, Tk ≤ t ≤ T.

(2.7)

Ïiäñòàâëÿþ÷è â (2.5) îòðèìó¹ìî

c sinT1 + (sinT2 − sinT1) + · · ·+ c (sinT − sinTk) = 0,

c cosT1 − c+ (cosT2 − cosT1) + · · ·+ c (cosT − cosTk) = 0,

. . . ,

c

n
sinnT1 +

1

n
(sinnT2 − sinnT1) + · · ·+

c

n
(sinnT − sinnTk) = 0,

c

n
cosnT1 −

c

n
+

1

n
(cosnT2 − cosnT1) + · · ·+

c

n
(cosnT − cosnTk) = 0.

(2.8)

Òàêèì ÷èíîì ñèñòåìà ïåðåòâîðþ¹òüñÿ íà ñèñòåìó íåëiíiéíèõ ðiâíÿíü ç íå-
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âiäîìèìè çìiííèìè T1, T2, ..., Tk, T .

2.2. Êåðóâàííÿ, ùî ìà¹ 2n òî÷îê ïåðåìèêà-

ííÿ

Çàóâàæèìî, ùî ïðè T = 2π ñèñòåìà (2.5) ìà¹ ðîçâ'ÿçîê äëÿ äîâiëüíîãî

u = const, çîêðåìà äëÿ u = c. Òàêèì ÷èíîì íàì öiêàâî çíàéòè ðîçâ'ÿçîê

íà òðîõè áiëüøîìó, àáî ìåíøîìó âiäðiçêó òðîõè çìiíþþ÷è òî÷êè ïåðåìè-

êàííÿ. Äëÿ c =
1

2
ìîæíà íàïèñàòè çàãàëüíå ÿâíå ðiøåííÿ ç 2n òî÷êàìè

ïåðåìèêàííÿ. Äëÿ T = 2π + a, a ≥ 0 âîíî ìà¹ òàêèé âèãëÿä:

un(t) =



1

2
, 0 ≤ t ≤ 2π

n+ 1
,

1,
2π

n+ 1
≤ t ≤ 2π

n+ 1
+ a,

1

2
,

2π

n+ 1
+ a ≤ t ≤ 2

2π

n+ 1
,

1, 2
2π

n+ 1
≤ t ≤ 2

2π

n+ 1
+ a,

. . .

1, n
2π

n+ 1
≤ t ≤ n

2π

n+ 1
+ a,

1

2
, n

2π

n+ 1
+ a ≤ t ≤ 2π + a.

(2.9)

Äîâåäåííÿ. Äëÿ êåðóâàííÿ (2.9) â ïîçíà÷åííÿõ ñèñòåìè (2.8) ìà¹ìî

T1 =
2π

n+ 1
, T2 =

2π

n+ 1
+ a, . . . , T2n−1 =

2πn

n+ 1
, T2n =

2πn

n+ 1
+ a, T = 2π + a.

(2.10)
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I íåîáõiäíî ïîêàçàòè, ùî
c

m
sinmT1 +

1

m
(sinmT2 − sinnT1) + · · ·+

c

m
(sinmT − sinnT2n) = 0,

c

m
cosmT1 −

c

m
+

1

m
(cosmT2 − cosnT1) + · · ·+

c

m
(cosmT − cosnT2n) = 0,

(2.11)

äëÿ âñiõ m ≤ n+ 1. Ïðè c =
1

2
i Ti ç (2.10) îòðèìó¹ìî


n∑

k=1

(
sin

(
2πmk

n+ 1
+ a

)
− sin

(
2πmk

n+ 1

))
+ sin(2π + a) = 0,

n∑
k=1

(
cos

(
2πmk

n+ 1
+ a

)
− cos

(
2πmk

n+ 1

))
+ cos(2π + a)− 1 = 0,

(2.12)

àáî 
n∑

k=0

(
sin

(
2πmk

n+ 1
+ a

)
− sin

(
2πmk

n+ 1

))
= 0,

n∑
k=0

(
cos

(
2πmk

n+ 1
+ a

)
− cos

(
2πmk

n+ 1

))
= 0,

(2.13)

Öå ðiâíîñèëüíî 
n∑

k=0

sin
(a
2

)
cos

(
2πmk

n+ 1
+ a

)
= 0,

n∑
k=0

sin
(a
2

)
sin

(
2πmk

n+ 1
+ a

)
= 0,

(2.14)

àáî 
n∑

k=0

cos

(
2πmk

n+ 1
+ a

)
= 0,

n∑
k=0

sin

(
2πmk

n+ 1
+ a

)
= 0.

(2.15)



20

Çàïèøåìî öå ÿê
n∑

k=0

(
cos

(a
2

)
cos

(
2πmk

n+ 1

)
+ sin

(a
2

)
sin

(
2πmk

n+ 1

))
= 0,

n∑
k=0

(
sin

(a
2

)
cos

(
2πmk

n+ 1

)
+ cos

(a
2

)
sin

(
2πmk

n+ 1

))
= 0.

(2.16)

Äëÿ öüîãî äîñòàòíüî ïîêàçàòè, ùî
n∑

k=0

cos

(
2πmk

n+ 1

)
= 0,

n∑
k=0

sin

(
2πmk

n+ 1

)
= 0,

(2.17)

àáî
n∑

k=0

cos

(
2πmk

n+ 1

)
+ i sin

(
2πmk

n+ 1

)
= 0, (2.18)

çâiäêè
n∑

k=0

(
cos

(
2πk

n+ 1

)
+ i sin

(
2πk

n+ 1

))m

= 0. (2.19)

Öÿ ðiâíiñòü ¹ âiðíîþ, îñêiëüêè cos

(
2πk

n+ 1

)
+i sin

(
2πk

n+ 1

)
¹ êîðåíÿìè xk+1

ìíîãî÷ëåíà

xn+1 − 1 = 0, (2.20)

à çà òåîðåìîþ Âi¹òà:

x1 + x2 + x3 + · · ·+ xn+1 = 0,

x1x2 + x1x3 + · · ·+ xnxn+1 = 0,

. . .

x1x2 . . . xn + · · ·+ x2x3 . . . xn+1 = 0

x1x2 . . . xn+1 = −1.

=⇒



x1 + x2 + ...+ xn+1 = 0,

x21 + x22 + ...+ x2n+1 = 0,

. . .

xn1 + xn2 + ...+ xnn+1 = 0,

xn+1
1 + xn+1

2 + ...+ xn+1
n+1 = n+ 1.

(2.21)
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Îòæå ðiâíiñòü ¹ âiðíîþ ïðè m ≤ n.

Ïðè T = 2π, u(t) =
1

2
. Äîâæèíà âiäðiçêiâ, íà ÿêèõ u(t) = 1, çáiëüøó¹òüñÿ

ðàçîì iç çáiëüøåííÿì ÷àñó T . Ãðàôiê êåðóâàííÿ äëÿ n = 6, c =
1

2
, a =

0.1 ïîêàçàíî íà ðèñ. 2.1, îêðåìi òðà¹êòîði¨ ïîêàçàíi íà ðèñ. 2.2. Íà ðèñ.

2.3 i ðèñ. 2.4 ïîêàçàíi ôàçîâi òðà¹êòîði¨ äëÿ äâîõ ïåðøèõ i äâîõ îñòàííiõ

êîîðäèíàò.

Ðèñ. 2.1: Êåðóâàííÿ Ðèñ. 2.2: Îêðåìi òðà¹êòîði¨

Ðèñ. 2.3: Ôàçîâà òðà¹êòîðiÿ äëÿ
x1, x2

Ðèñ. 2.4: Ôàçîâà òðà¹êòîðiÿ äëÿ
x11, x12

Çàóâàæåííÿ 2.1. Êåðóâàííÿ un(t) áóäå ðîçâ'ÿçêîì äëÿ áóäü-ÿêî¨ ñèñòåìè

ç âëàñíèìè ÷èñëàìè λj = ±kj i, kj ≤ n, kj ∈ N.

Çàóâàæåííÿ 2.2. ßêùî kj ∈ Q, àáî kj ∈ R \ Q, àëå iñíó¹ k òàêå, ùî
kj
k
∈ Q äëÿ âñiõ i = 1, ..., n, òî ïiñëÿ çàìiíè çìiííèõ êåðóâàííÿ un(t), ïðè

äåÿêîìó n, òàêîæ áóäå ðîçâ'ÿçêîì äëÿ öi¹¨ ñèñòåìè.
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Äëÿ c ̸= 1

2
âàæ÷å îòðèìàòè çàãàëüíèé ðîçâ'ÿçîê. Íàì âäàëîñÿ îòðèìàòè

éîãî â ÿâíîìó âèãëÿäi äëÿ âèïàäêó n = 1 (¹ àëüòåðíàòèâîþ äëÿ êåðóâàííÿ

â ïðèêëàäi 1.8):

T1 = arctan


sin

(
a
2

)(√
2
(
cos(a) + 2

(
1
c

)2 − 4
c + 1

)
− 2 cos

(
a
2

))
cos

(
a
2

)√
2
(
cos(a) + 2

(
1
c

)2 − 4
c + 1

)
− cos(a) + 1

+ π,

T2 = arctan


sin

(
a
2

)(√
2
(
cos(a) + 2

(
1
c

)2 − 4
c + 1

)
+ 2 cos

(
a
2

))
cos

(
a
2

)√
2
(
cos(a) + 2

(
1
c

)2 − 4
c + 1

)
+ cos(a)− 1

+ π.

(2.22)

2.3. Êåðóâàííÿ ç 2 òî÷êàìè ïåðåìèêàííÿ

Iç ïîñòàíîâêè çàäà÷i òà îòðèìàíèõ ðåçóëüòàòiâ äëÿ ïîáóäîâè ç 2n òî-

÷îê ìîæíà ïðèïóñòèòè ïåâíó ñèìåòðiþ â ðîçòàøóâàííi òî÷îê ïåðåìèêàí-

íÿ. Äiéñíî, âèÿâëÿ¹òüñÿ, ùî êîðèñòóþ÷èñü öèì ïðèïóùåííÿì ïðè c =
1

2
ìè

ìîæåìî ïîáóäóâàòè êåðóâàííÿ, ùî ìà¹ ëèøå äâi òî÷êè ïåðåìèêàííÿ. Äëÿ

öüîãî çàïèøåìî ñèñòåìó â åêñïîíåíöiàëüíié ôîðìi (2.6):

∫ T

0

u(t)ei tdt = 0,∫ T

0

u(t)e2 i tdt = 0,

. . . ,∫ T

0

u(t)en i tdt = 0,

(2.23)
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i ðîçãëÿíåìî êåðóâàííÿ

u(t) =


c, 0 ≤ t ≤ T1,

1, T1 ≤ t ≤ T2,

c, T2 ≤ T.

(2.24)

Ïîêëàäåìî T − T2 = T1. Òîäi, âèêîíóþ÷è çàìiíó eT1 = x, eT = s ìè îòðè-

ìó¹ìî eT2 =
s

x
, çâiäêè âèïëèâà¹ ñèñòåìà ðiâíÿíü äëÿ çìiííèõ x i s:



−c+ (c− 1)x+ (1− c)
s

x
+ cs = 0,

−c+ (c− 1)x2 + (1− c)
s2

x2
+ cs2 = 0,

. . .

−c+ (c− 1)xn + (1− c)
sn

xn
+ csn = 0,

(2.25)

Ïðè c =
1

2
, x = s � ðîçâ'ÿçîê. Ïîêëàâøè äåÿêå s : |s| = 1, îòðèìó¹ìî

ðîçâ'ÿçîê ñèñòåìè. Àëå x = eT1, s = eT , îòæå T1 i T âèçíà÷àþòüñÿ ç òî÷íiñòþ

äî 2π. Îáåðåìî T = 2π + T1 i îòðèìà¹ìî ðîçâ'ÿçîê íàøî¨ çàäà÷i. Íà ðèñ.

2.5 i ðèñ. 2.6 ïîêàçàíi òðà¹êòîði¨ äëÿ îêðåìèõ êîîðäèíàò i ïàð êîîðäèíàò.

Ðèñ. 2.5: Îêðåìi òðà¹êòîði¨ äëÿ
n = 4

Ðèñ. 2.6: Ïàðíi òðà¹êòîði¨ äëÿ
n = 4

Çàóâàæåííÿ 2.3. Äàíèé ðîçâ'ÿçîê u(t) íå çàëåæèòü âiä ðîçìiðíîñòi çà-
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äà÷i i áóäå âiðíèì äëÿ áóäü-ÿêîãî n. Öå îçíà÷à¹ ùî âií áóäå ðîçâ'ÿçêîì äëÿ

áóäü-ÿêî¨ ñèñòåìè ç öiëèìè ÷èñòî óÿâíèìè âëàñíèìè ÷èñëàìè.

Çàóâàæåííÿ 2.4. Ìîæëèâà iíøà ïîáóäîâà ðîçâ'ÿçêó, äëÿ îáìåæåííÿ

u ∈ {c, 1− c, 1}, 0 < c < 1, ïðè ÿêié òî÷êè ïåðåìèêàííÿ çàëèøàþòü ñè-

ìåòðè÷íèìè àëå íåñèìåòðè÷íèì îáèðà¹òüñÿ êåðóâàííÿ:

u(t) =


c, 0 ≤ t ≤ T1,

1, T1 ≤ t ≤ T2,

1− c, T2 ≤ T.

(2.26)

Îñêiëüêè ñèñòåìà çàëåæèòü ëèøå âiä åêñïîíåíòè ìàòðèöi A i âåêòîðà b,

êåðóâàííÿ (2.23) àáî (2.24) âiðíå äëÿ áóäü-ÿêèõ n, òî, âðàõîâóþ÷è Çàóâà-

æåííÿ 2.2, ñïðàâåäëèâà íàñòóïíà òåîðåìà:

Òåîðåìà 2.5. Äëÿ ñèñòåìè

ẋ = Ax+ bu, c ≤ u ≤ 1, c ≤ 1

2
. (2.27)

ç ìàòðèöåþ A ðîçìiðîì 2n × 2n i ïðîñòèìè óÿâíèìè âëàñíèìè çíà÷åííÿ-

ìè ±iνk, k = 1, . . . , n i òàêèìè, ùî rank
(
b, Ab, . . . , A2n−1b

)
= 2n, óìîâà

ïîâåðòàííÿ âèêîíó¹òüñÿ, ÿêùî νk ¹ ðàöiîíàëüíèìè ÷èñëàìè.

Çàóâàæåííÿ 2.6. Â îáîõ âèïàäêàõ íàì íåîáõiäíî îáìåæåííÿ íà êåðóâà-

ííÿ ó âèãëÿäi u ∈ [c, 1], c ≤ 0.5 àáî u ∈ {c, 1}. Ïèòàííÿ äëÿ äîâiëüíîãî c â

çàãàëüíîìó âèïàäêó çàëèøà¹òüñÿ âiäêðèòèì.

2.4. Âèïàäîê iððàöiîíàëüíèõ êîåôiöi¹íòiâ

Îòðèìàíi âèùå ðåçóëüòàòè âiðíi äëÿ âèïàäêó êîëè óÿâíi ÷àñòèíè âëà-

ñíèõ ÷èñåë λ1, ...λn ìàòðèöi A ¹ ðàöiîíàëüíèìè ÷èñëàìè, àáî iðàöiîíàëüíè-
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ìè, àëå òàêèìè, ùî iñíó¹ λ ∈ R \ Q òàêà, ùî
λi

λ
∈ Q äëÿ âñiõ i = 1, ..., n.

Öÿ óìîâà ãàðàíòó¹ íàì, ùî iñíó¹ äåÿêèé ÷àñ T > 0, òàêèé ùî

∫ T

0

u(t) sin ν1 tdt = 0,∫ T

0

u(t) cos ν1 tdt = 0,

. . . ,∫ T

0

u(t) sin νk tdt = 0,∫ T

0

u(t) cos νk tdt = 0,

(2.28)

âiðíî ïðè u = const. Â òîé æå ÷àñ òàêîãî ÷àñó T òî÷íî íå iñíóâàòèìå

äëÿ âçà¹ìíî iððàöiîíàëüíèõ ÷èñåë. Âàðòî çàóâàæèòè, ùî öå íå îçíà÷à¹,

ùî íå ìîæíà ïîáóäóâàòè êåðóâàííÿ, ùî ïîâåðòà¹ ñèñòåìó â òî÷êó 0, öå

îçíà÷à¹, ùî âîíî íå ìîæå áóòè ïîñòiéíèì. Íàïðèêëàä äëÿ âèïàäêó n = 2

áóâ îòðèìàíèé íàñòóïíèé çàãàëüíèé ðåçóëüòàò.

Òâåðäæåííÿ 2.7. Äëÿ ñèñòåìè

ẋ = Ax+ bu, c ∈
{
1

2
, 1

}
, (2.29)

ç âëàñíèìè çíà÷åííÿìè ìàòðèöi A λ12 = ±a1i, λ34 = ±a2i ïðè

a1 < 2a2, a2 < 2a1 êåðóâàííÿ âèãëÿäó

u(t) =



1

2
, 0 < t <

π

a2
,

1,
π

a2
< t <

2m1π

a1
,

1

2
,
2m1π

a1
< t <

2m1π

a1
+

π

a1
+

π

a2
,

1,
2m1π

a1
+

π

a1
+

π

a2
< t <

2m1π

a1
+

π

a2
+

2m2π

a2
,

1

2
,
2m1π

a1
+

π

a2
+

2m2π

a2
< t <

2m1π

a1
+

π

a1
+

π

a2
+

2m2π

a2
,

(2.30)
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äå ÷èñëà m1,m2 ∈ N îáèðàþòüñÿ òàêèìè, ùî
π

a2
<

2m1π

a1
,
π

a1
<

2m2π

a2

ïîâåðòà¹ òî÷êó 0 çà ÷àñ T =
2m1π

a1
+

π

a1
+

π

a2
+

2m2π

a2
.

Íà ðèñ. 2.7 i ðèñ. 2.8 ïîêàçàíi òðà¹êòîði¨ äëÿ êîîðäèíàò i ïàð êîîðäèíàò

äëÿ ñèñòåìè (2.31): 

ẋ1 = x2,

ẋ2 = −x1 + u,

ẋ3 =
√
5x4,

ẋ4 = −
√
5x3 + u.

(2.31)

Ðèñ. 2.7: Îêðåìi òðà¹êòîði¨ Ðèñ. 2.8: Ïàðíi òðà¹êòîði¨

Ïðè îáìåæåííÿõ íà êåðóâàííÿ âèãëÿäó u ∈ [c, d], c > 0, ìîæíà âèêî-

ðèñòîâóâàòè iíøèé ìåòîä ïîáóäîâè êåðóâàííÿ, çàïðîïîíîâàíèé Â. I. Êî-

ðîáîâèì [9], ÿêèé  ðóíòó¹òüñÿ íà ìåòîäi ôóíêöi¨ êåðîâàíîñòi i ïîëÿãà¹ â

íàñòóïíîìó:

Ðîçãëÿíåìî ëiíiéíó êåðîâàíó ñèñòåìó

ẋ = Ax+ bu, x ∈ Rn, u ∈ Ω = [c, d], c > 0. (2.32)

Ââåäåìî íîâå êåðóâàííÿ

v =
1

d− c
(2u− d− c), (2.33)
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òîäi, v ∈ [−1, 1]. Ïîçíà÷èìî ÿê b1, b2 âåêòîðè

b1 =
d− c

2
b, b2 =

d+ c

2
b, (2.34)

òîäi ñèñòåìà (2.35) ìà¹ âèãëÿä

ẋ = Ax+ b1v + b2, x ∈ Rn, v ∈ Ω1 = [−1, 1]. (2.35)

Ìà¹ìî

x(t) = eAt

(
x0 +

∫ t

0

e−Aτbu(τ)dτ

)
=

= eAt

(
x0 +

∫ t

0

e−Aτb1v(τ)dτ +

∫ T

0

e−Aτb2dτ

)
.

(2.36)

Íåõàé êåðóâàííÿ v(t) ïåðåâîäèòü òî÷êó x0 â òî÷êó 0 çà äåÿêèé ÷àñ t = T .

Ïîòiì

x0 +

∫ T

0

e−AτB2dτ = −
∫ T

0

e−AτB1v(τ)dτ. (2.37)

Öÿ ðiâíiñòü îçíà÷à¹, ùî êåðóâàííÿ v(t) ïåðåíîñèòü òî÷êó

y0 = x0 +

∫ T

0

e−Aτb2dτ (2.38)

â òî÷êó 0 â ñèëó ñèñòåìè

ẏ = Ay + b1v. (2.39)

Îñêiëüêè òî÷êà 0 ¹ âíóòðiøíüîþ äëÿ ìíîæèíè Ω1, öþ çàäà÷ó ìîæíà

ðîçâ'ÿçàòè ìåòîäîì ôóíêöi¨ êåðîâàíîñòi [2], ÿêùî âiäîìèé ÷àñ T . Ôóíêöiÿ

êåðîâàíîñòi çíàõîäèòüñÿ ç ðiâíÿííÿ

2a0Θ =
(
N−11 y, y

)
, (2.40)

äå

N1(Θ) =

∫ Θ

0

(
1− t

Θ

)
e−tAb1b

∗
1e
−tA∗

dt. (2.41)
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Êåðóâàííÿ v(t) çàäà¹òüñÿ ôîðìóëîþ

v = −1
2
B∗1N

−1
1 (Θ)y (2.42)

Êîåôiöi¹íò a0 îáèðà¹òüñÿ òàêèì ÷èíîì, ùîá

|v| ≤ 1. (2.43)

Äëÿ öüîãî êîåôiöi¹íò a0 îáèðà¹òüñÿ ç íåðiâíîñòi

a0 ≤
1

sup
Θ

Θ
(
N−11 b1, b1

) , (2.44)

Çíàéäåìî ðiâíÿííÿ äëÿ ÷àñó T . Çàìiíèìî Θ íà T i y íà y0 ó ðiâíÿííi

(2.41). Îòðèìó¹ìî ðiâíÿííÿ:

2a0T =

(
N−11 (T )

(
x0 +

∫ T

0

e−Aτb2dτ

)
,

(
x0 +

∫ T

0

e−Aτb2dτ

))
, (2.45)

äå N1(T ) =

T∫
0

(
1− t

Θ

)
e−Atb1b

∗
1e
−A∗tdt.

Öå ðiâíÿííÿ, â çàãàëüíîìó âèïàäêó, ìà¹ íå¹äèíèé ðîçâ'ÿçîê. Äëÿ êî-

æíîãî ìîìåíòó T ìè îòðèìó¹ìî êåðóâàííÿ i òðà¹êòîðiþ y(t). Ïiñëÿ çíàõî-

äæåííÿ T çíàõîäèìî òðà¹êòîðiþ y(t) ÿê ðîçâ'ÿçîê çàäà÷i Êîøi íà iíòåðâàëi

[0, T ]

ẏ = Ay − 1

2
b∗1N

−1
1 (Θy(t))y,

Θ̇ = −1,

y(0) = y0 = x0 +

∫ T

0

e−Aτb2dτ.

(2.46)

Ïiñëÿ çíàõîäæåííÿ òðà¹êòîði¨ y(t) çíàõîäèìî âèðàç äëÿ òðà¹êòîði¨ x(t).

Çàóâàæåííÿ 2.8. Â äàíié ïîáóäîâi êåðóâàííÿ ïðèïóñêà¹òüñÿ, ùî ñèñòå-
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ìà ¹ ãëîáàëüíî êåðîâàíîþ. Äëÿ êîëèâàëüíî¨ ñèñòåìè òàêå ïðèïóùåííÿ ¹

âiðíèì.

Ïðèêëàä 2.9. 

ẋ1 = x2,

ẋ2 = −x1 + u,

ẋ3 =
√
2x4,

ẋ4 = −
√
2x3 + u.

,Ω =

[
2

3
, 1

]
(2.47)

Òóò

A =


0 1 0 0

−1 0 0 0

0 0 0
√
2

0 0 −
√
2 0

 , b1 =


0
1

6

0

1

 , b2 =



0
5

6

0
5

6


. (2.48)

×àñ ðóõó T = 30.595, òðà¹êòîði¨ yi(t) çîáðàæåíi íà (ðèñ. 2.9):

Ðèñ. 2.9: Òðà¹êòîði¨ yi(t)



Ðîçäië 3

Ïðèêëàä ïðîãðàìè

Äëÿ ïðîâåäåííÿ ðîçðàõóíêiâ, ïîáóäîâè êåðóâàííÿ òà çíàõîäæåííÿ òðà-

¹êòîðié ìè âèêîðèñòîâóâàëè ñèñòåìó Mathematica.

Ëiñòèíã 3.1: Ïîáóäîâà êåðóâàííÿ i òðà¹êòîðié ç 2n òî÷êàìè ïåðåìèêàííÿ

Clear [ "Global `* " ]

n = 6 ;

eAb = {} ;

For [ i = 0 , i < n , i++; eAb = Append [ eAb , Sin [ i
←↩

t ] ] ;

eAb = Append [ eAb , Cos [ i t ] ] ] ;

Ti = Table [ Symbol [ "T" <> ToString@i ] , { i , 2*n
←↩

} ] ;

T i i = Append [ Ti , T ] ;

z e r o s = ConstantArray [ 0 , 2*n ] ;

n i = { In t e g r a t e [ eAb*c , {t , 0 , T1 } ] } ;

uu = {{c , 0 <= t <= T1}} ;

i n i = {} ;

d i f f = {} ;

For [ i = 1 , i <= n ,

n i = Append [ ni , I n t e g r a t e [ eAb , {t , T i i [ [ 2 * i =
←↩

1 ] ] , T i i [ [ 2 * i ] ] } ] ] ;

n i = Append [ ni , c* I n t e g r a t e [ eAb , {t , T i i [ [ 2 * i
←↩

30
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] ] , T i i [ [ 2 * i + 1 ] ] } ] ] ;

i n i = Append [ i n i , (2 \ [ Pi ] ) /(n + 1) * i + 0 . 0 1 ] ;

i n i = Append [ i n i , (2 \ [ Pi ] ) /(n + 1) * i + 0 . 0 2 ] ;

uu = Append [ uu , {1 , T i i [ [ 2 * i = 1 ] ] <= t <= Ti i
←↩

[ [ 2 * i ] ] } ] ;

uu = Append [ uu , {c , T i i [ [ 2 * i ] ] <= t <= Ti i [ [ 2 * i
←↩

+ 1 ] ] } ] ;

d i f f = Append [ d i f f , S imp l i f y [ T i i [ [ 2 * i ] ] = Ti i
←↩

[ [ 2 * i = 1 ] ] ] ] ;

i ++];

nn = S imp l i f y [ Total [ n i ] ] ;

u [ t_ ] = Piecewi se [ uu ] ;

cond = Join [ Pa r t i t i on [ Ti , 1 ] , Pa r t i t i on [ i n i ,
←↩

1 ] , 2 ] ;

a = 0 . 1 ;

c = 1/2 ;

r1 = FindRoot [ ( nn / . {T => 2 \ [ Pi ] + a}) ==
←↩

zeros , cond ]

d i f f

d i f f / . r1

Plot [ ( u [ t ] / . r1 ) / . {T => 2 \ [ Pi ] + a } , {t , 0 ,
←↩

2 \ [ Pi ] + a } ,

P lotPo ints => 100 , AxesLabel => {" t " , "u" } ,

PlotLabel => "a = 0 . 1 ,  n = 6" ]

x i = Pa r t i t i on [ Through [ Table [ Symbol [ "x" <>
←↩

ToString@i ] , { i , 2*n } ] [ t ] ] ,

1 ] ;
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A = ConstantArray [ ConstantArray [ 0 , 2*n ] , 2*n ] ;

b = {} ;

For [ i = 1 , i <= n , A[ [ 2 i = 1 , 2 i ] ] = i ; A[ [ 2
←↩

i , 2 i = 1 ] ] = = i ;

b = Append [ b , { 0 } ] ; b = Append [ b , { 1 } ] ;

i ++];

y i = NDSolveValue [ {D[ xi , t ] ==

A. x i + b * ( ( u [ t ] / . r1 ) / . {T => 2 \ [ Pi ]
←↩

+ a}) , ( x i / . { t =>

0}) == ze ro s } , F lat ten [ x i ] , { t ,
←↩

0 , 2 \ [ Pi ] + a } ] ;

y i / . { t => 0}

Plot [ yi , { t , 0 , 2 \ [ Pi ] + a } , PlotRange => Al l ]

Ëiñòèíã 3.2: Ïîáóäîâà êåðóâàííÿ i òðà¹êòîðié ç 2 òî÷êàìè ïåðåìèêàííÿ

Clear [ "Global `* " ]

ur1 = =c + ( c = 1) x + c* s /x + (1 = c ) s ;

ur2 = =c + ( c = 1) x^2 + c *( s /x )^2 + (1 = c ) s
←↩

^2;

ur3 = =c + ( c = 1) x^3 + c *( s /x )^3 + (1 = c ) s
←↩

^3;

phi = \ [ Pi ] / 4 ;

c = 1 / 2 . ;

Cos [ phi ] + I Sin [ phi ]

s1 = NSolve [ { ur1 == 0} / . {x => Cos [ phi ] + I
←↩

Sin [ phi ] } , s ] [ [ 1 , 1 ] ]

T1 = phi ;

T = 2 . \ [ Pi ] + ArcSin [ Im [ s / . s1 ] ] ;
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T2 = T = T1 ;

{T1 , T2 , T}

u = Piecewi se [ {{ c , 0 < t < T1} , {1 , T1 < t < T2
←↩

} , {1 = c ,

T2 < t < T} } ] ;

N[ { ur1 , ur2 , ur3} / . {x => Cos [ phi ] + I Sin [ phi
←↩

] , s1 } ]

{x11 , x22 , x33 , x44 , x55 , x66 , x77 , x88} =

NDSolveValue [ { x1 ' [ t ]  == x2 [ t ] ,  x2 ' [ t ] == =x1 [ t ]
←↩

+ u ,

x3 ' [ t ]  == 2 x4 [ t ] ,  x4 ' [ t ] == =2 x3 [ t ] +
←↩

u , x5 ' [ t ]  == 3 x6 [ t ] ,

                x6 ' [ t ] == =3 x5 [ t ] + u , x7 ' [ t ]  == 4 x8 [
←↩

t ] ,  x8 ' [ t ] == =4 x7 [ t ] + u ,

x1 [ 0 ] == 0 , x2 [ 0 ] == 0 , x3 [ 0 ] == 0 , x4
←↩

[ 0 ] == 0 , x5 [ 0 ] == 0 ,

x6 [ 0 ] == 0 , x7 [ 0 ] == 0 , x8 [ 0 ] == 0} , {
←↩

x1 , x2 , x3 , x4 , x5 , x6 , x7 ,

x8 } , {t , 0 , T} ] ;

N[ { x11 [ t ] , x22 [ t ] , x33 [ t ] , x44 [ t ] , x55 [ t ] , x66 [
←↩

t ] , x77 [ t ] ,

x88 [ t ] } / . { t => T} ]

p1 = Parametr icPlot [ { x11 [ t ] , x22 [ t ] } , {t , 0 , T
←↩

} , P l o tS ty l e => Thick ]

p2 = Parametr icPlot [ { x33 [ t ] , x44 [ t ] } , {t , 0 , T
←↩

} ,
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P lo tS ty l e => {Thick , Red } ]

p3 = Parametr icPlot [ { x55 [ t ] , x66 [ t ] } , {t , 0 , T
←↩

} ,

P l o tS ty l e => {Thick , Green } ]

p4 = Parametr icPlot [ { x77 [ t ] , x88 [ t ] } , {t , 0 , T
←↩

} ,

P l o tS ty l e => {Thick , Purple } ]

Show [ p1 , p2 , p3 , p4 ]

x i = Pa r t i t i on [ Through [ Table [ Symbol [ "x" <>
←↩

ToString@i ] , { i , 2*n } ] [ t ] ] ,

1 ] ;

A = ConstantArray [ ConstantArray [ 0 , 2*n ] , 2*n ] ;

b = {} ;

For [ i = 1 , i <= n , A[ [ 2 i = 1 , 2 i ] ] = i ; A[ [ 2
←↩

i , 2 i = 1 ] ] = = i ;

b = Append [ b , { 0 } ] ; b = Append [ b , { 1 } ] ;

i ++];

y i = NDSolveValue [ {D[ xi , t ] ==

A. x i + b * ( ( u [ t ] / . r1 ) / . {T => 2 \ [ Pi ]
←↩

+ a}) , ( x i / . { t =>

0}) == ze ro s } , F lat ten [ x i ] , { t ,
←↩

0 , 2 \ [ Pi ] + a } ] ;

y i / . { t => 0}

Plot [ yi , { t , 0 , 2 \ [ Pi ] + a } , PlotRange => Al l ]



Âèñíîâêè

Äàíà ðîáîòà áóëà ïðèñâÿ÷åíà çàäà÷i íóëü-êåðîâàíîñòi äëÿ ëiíiéíèõ

êîëèâàëüíèõ ñèñòåì äëÿ âèïàäêó, êîëè òî÷êà íóëü íå ¹ òî÷êîþ ðiâ-

íîâàãè ñèñòåìè. Â õîäi ðîáîòè áóëî ïîêàçàíî, ùî êîëèâàëüíà ñèñòå-

ìà ẋ2k−1 = k x2k, ẋ2k = −k x2k−1 + u, k = 1, 2, ..., n ç îáìåæåííÿìè âèäó

u ∈
{
1

2
, 1

}
òà u ∈ [c, 1] ìîæå áóòè íóëü êåðîâàíîþ, áóëè çðîáëåíi óçàãàëü-

íåííÿ äëÿ äîâiëüíèõ ëiíiéíèõ ñèñòåì ç ÷èñòî óÿâíèìè ðàöiîíàëüíèìè òà

iððàöiîíàëüíèìè âçà¹ìíî ïðîñòèìè âëàñíèìè çíà÷åííÿìè. Äëÿ äåÿêèõ ñè-

ñòåì âäàëîñÿ çíàéòè ÿâíèé âèãëÿä ïåðåìèêàííÿ ó âèãëÿäi êóñêîâî-ïîñòiéíî¨

ôóíêöi¨, ïîøóê ÿêîãî çâîäèòüñÿ äî ðîçâ'ÿçàííÿ ñèñòåìè íåëiíiéíèõ ðiâíÿíü.

Äëÿ äàíî¨ çàäà÷i ìîæå áóòè ðîçãëÿíóòî âåëèêó êiëüêiñòü äîäàòêîâèõ

ïèòàíü, çîêðåìà iñíóâàííÿ êåðóâàííÿ äëÿ äîâiëüíîãî îáìåæåííÿ u ∈ {c, 1},

çàãàëüíèé âèïàäîê iððàöiîíàëüíèõ òà íå âçà¹ìíî ïðîñòèõ êîðåíiâ.
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